A gradient particle method is used to compute probability densities for processes with delay bifurcations that are sensitive t o v ery small noise. The method is particularly useful for computing the probability density in the transition region, where asymptotic approximations may not be valid. For a one dimensional steady bifurcation problem and a two-dimensional FitzHugh-Nagumo model we solve the Fokker-Planck equation, and compare the results with direct simulations and asymptotic approximations.
Introduction
Certain dynamical systems are very sensitive to noise, such as models of chemical kinetics 1 -2 , neuron ring 2 -3 , chaotic wave mode interactions 4 , and lasers 5 . The deterministic dynamics of these systems, described by systems of ordinary di erential equations, can change substantially when very small noise is introduced. The probability density for the process describes the sensitivity of the process to noise. It can be used to nd a variety of properties of the stochastic process, including time and location of state transitions and moments. Even though the probability density function holds all of the information for the stochastic process, much of the previous work on noisy nonlinear dynamics does not attempt to compute or approximate it. This is because it can be di cult to nd the probability density when the underlying dynamical system is complicated and the noise is small.
In general, the goal is to nd pu; t , the probability that the process takes the value u at a given time t. Given a system of stochastic di erential equations SDE's describing the process, du = au; tdt + p 2 dW; is a constant
with W a vector of independent Brownian motions, the probability density pu; t satis es the partial di erential equation, @ p @ t = 2 r 2 p , r ap;
1.2 known as the Fokker-Planck equation FPE 6 . Note that the white noise in the SDE's corresponds to the di usion in 1.2 while the drift au; t describes the convection. In this paper we consider problems in which a slow v ariation of a control parameter through a critical point results in a delay in the transition between states for the underlying noiseless dynamics 1.1 with = 0. This delay can be changed signi cantly by v ery small noise e.g. 0 10 ,4 . This is discussed in detail in Section 2.
There are several issues to consider in trying to nd a solution to 1.2. For small noise 1 it is expected that pu; t has large gradients, as is typical of solutions of problems with small di usion.
Work partially supported by NSF grant Then one might look for an asymptotic approximation, rather than a numerical solution. However, in the problems we study in this paper, the probability density has large gradients in some regions of space or time but not in others. Then an asymptotic approach m a y not be uniformly applicable. Therefore a numerical solution is necessary both to validate the asymptotic approximation where it is correct, and to provide a solution when the asymptotic approximation breaks down. The asymptotic expansions for 1.2 are discussed in detail in 7 . In this paper we focus on numerical solutions for the probability density, and illustrate their complementary relationship to the asymptotic results. A variety of numerical methods can be considered for solving 1.2. For very small di usion, gridbased numerical methods introduce numerical di usion which obscures the e ects of the small noise. Since the main purpose of the calculation is to determine the e ect of the small noise, these methods are not appropriate. Another approach is to nd the probability density from simulations of 1.1, which a voids the issue of numerically solving 1.2. While this is a direct and intuitive w ay t o n d pu; t given the SDE 1.1, a very large number of simulations is necessary to obtain a smooth result for the density function.
The number of simulations necessary can increase with the dimension of u, and it also depends on the concentration of the density.
In this paper we use a gradient-particle method GPM to nd the probability densities from 1.2 for problems with noisy delay bifurcations. Even with very small noise, the concentration and the gradient of the probability density function for these processes can vary signi cantly. The GPM incorporates the natural idea of simulation of 1.1 into the numerical solution of 1.2 so that the e ects of the noise are not obscured and the result for the density is smooth.
In Section 2 we give a description of a one-dimensional problem which illustrates why GPM's are appropriate for this problem. In Section 3 we outline the algorithm, which uses ideas from 8 and 9 . In Section 4 we compare the GPM results for the one-dimensional problem of Section 2 with results from direct simulation DS and the asymptotic method of 7 . In Section 5 we compute the probability density function for the noisy FitzHugh-Nagumo model, and compare the gradient-particle method GPM results with direct simulation DS and the asymptotic results. In this paper we focus on the computational issues in nding the probability density function, and refer the reader to 7 for a discussion of the complementary asymptotic methods. Now consider c = t, for 0 1. When the system is sub-critical, t 0, yt decays exponentially. As t increases so that t 0, yt remains small for a long interval of time. For p t = O1, yt grows rapidly, approaching yt p t. This is known as a delay bifurcation, since the solution does not immediately increase rapidly as the coe cient t varies slowly through the critical point t = 0 . This behavior can be seen from the exact solution of 2.1. Now we consider the e ect of noise on the delay bifurcation. Previous studies have considered the reduction of the delay with the addition of sinusoidal oscillations 10 . Numerical simulations of dy = ty , y 
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An asymptotic approximation can be made for this density when the random dynamics are close to the deterministic dynamics 7 , but from the few typical realizations in Figure 2 .1, that leaves a signi cant region in this case between t = 30 and t = 50 in which this approximation may fail. Therefore we are especially interested in computing py;t in this transition region. As mentioned in the Introduction, py;t gives the probability that the process has made the transition from y 0 t o y p t at time t, and can be used to compute moments of the process yt or the expected time until this transition is made 7 . In Section 4 we use a GPM to compute the probability density function for this one-dimensional example of a delay bifurcation. In Section 5 we extend this method to a two-dimensional model, the FitzHugh-Nagumo model. There the noise also reduces the time of a delay bifurcation. We h a ve several reasons for using GPM's which follow from the discussion above.
1. The di usion in the Fokker-Planck equation is very small for the cases of interest, that is 1.
In particular, :0001 in this paper. Grid-based methods give n umerical di usion which s w amps the di usion due to the noise. 2. The probability density has steep gradients in some regions in space and time, and not others. This is due to the fact that the noisy dynamics follow the deterministic dynamics closely except in the transition region. Outside of the transition region the gradients are large, but within this region the gradients are no longer large. This variation in shape, and the transition of the process itself, make adaptive methods impractical, since frequent regridding would be required.
3. A straightforward simulation method involving only direct simulation of the SDE would require a large number of realizations in order to resolve the probability density in all regions of space and time of interest. The GPM uses the natural intuition of a simulation method, but requires much fewer realizations, since both particle positions and gradients are computed. We compare the GPM results to the direct simulation results in Sections 4 and 5. 
These equations are similar to those in 8 , where the convection-di usion equation for a chemical concentration in an incompressible ow w as solved with GPM's. The main di erence between 8 and this application is that the equation for the gradient i n this paper involves both rp and p itself, while the equation for the gradient i n 8 involves only the derivatives of p. This is because the ow w as incompressible r a = 0 for the convection-di usion equation studied in 8 . This is not true for 1.1 in general, and in particular, r a 6 = 0 for the delay bifurcation applications which w e study here. It follows that there is a reconstruction of p from rp in each time step. A similar reconstruction was required in 9 for the solution of a reaction-di usion system using a gradient random walk method. We outline the steps of the algorithm, pointing out di erences and similarities to 8 and 9 . Both 8 and 9 contain excellent discussions of GPM's and comparisons with previous work in deterministic and random particle methods. We do not repeat their discussion here, but mention a few alternative approaches at the end of this section. The algorithm is based on the observation that both the particle motion and the evolution of the gradient vectors contribute to changes in rp and thus in p as well 8 . Speci cally, in 3.3 the terms 2 p x xx , ap x x correspond to changes in concentration due to the motion of the particles as described by 3.1. The terms ,a xx p , a x p x give the changes in shape due to the evolution of p x . Similarly in the two-dimensional case, the terms 2 r 2 g j , r ag j for j = 1 ; 2 are due to the motion of the particles, and the remaining terms on the right hand side of 3.4 describe changes in the gradient v ectors. The motion of the particles is obtained by solving 3.1. One additional note is that the probability densities described above are de ned on an in nite domain. However, the probability densities are exponentially small outside a bounded region. Therefore we compute on a rectangular region which contains all but the tails of the probability density whose mass is essentially zero and set px; t = 0 on the boundary of this region.
The algorithm:
Initial conditions: To each o f N particles assign position vectors x k , the probability density p k p 0 x k from the initial condition 3.2, and gradient v ectors g k r p k for k = 1 ; : : : ; N .
At e ach time step:
1. Find the new position of the particles by solving 3.1. In this paper a second order Runge-Kutta method for SDE's 12 w as used. This step is similar to one used in 8 , but there is an extra term involving p k that was not present i n t h e applications studied in 8 , as discussed above. A second order Runge-Kutta method was used to advance g k .
Note that this step is not present in the method used for reaction-di usion equations in 9 and 13 . Instead changes in the shape of the density were obtained by either creating or destroying particles, depending on the sign of terms analogous to the right hand side of 3.5. In this paper the number of particles is constant throughout the computation, and changes in the shape of the density e n ter through the evolution of the gradient computed in this step. Here the rectangle is su ciently large so that pu; v; t is essentially zero on the boundaries. This reconstruction method is discussed in 8 . As noted there, we found that this reconstruction gives a nonnegative result for the density. The constant in 3.7 was chosen in order to properly normalize px; y; t for any t, so that the integral over space of the density is 1. We found that this constant approached zero as the number of points in the reconstruction lattice was increased, and was negligible as compared to the maximum of the density function. In 9 the reconstruction step used a method similar to random vortex methods 14 . The method suggested by Anderson 15 , uses Poisson's formula to obtain a point-gradient formulation for the recovery of pu; v; t. This method is expensive, but fast multipole methods of 16 can be used to reduce the computation time. Some smoothing problems were encountered in 9 in using the fast multipole methods. Since we found the implementation straightforward and the method 3.7 su ciently fast we used the method of 8 . As noted there, this reconstruction method does introduce some errors when the gradients are very large. In our problem these errors are apparent in the tails of the density, but they did not a ect the bulk of the density. These e ects are discussed further in the following sections. We used the shpack subroutines to solve 3.7. Future work could compare this reconstruction method with that of 15 for the noisy delay bifurcation problems described here. 4 The one-dimensional model of a steady bifurcation and initial condition 4.3. a The solid line is the GPM solution with 10,000 particles, the dash-dotted line is the GPM solution for 15,000 particles, and the dotted line is the result from the DS of 2.2 with 60,000 realizations particles. Although it is not shown, the asymptotic approximation of 7 is in good agreement with all of these results. b The solid line is the GPM solution with 10,000 particles and the dotted line is the result for DS of 2.2 with 60,000 realizations particles. The dash-dotted line is the asymptotic Gaussian-type approximation, which does not capture the behavior of the tails for this value of t, when the density is less concentrated. c The solid line is the GPM solution with 10,000 particles, and the dotted line is the result from the DS of 2.2 with 60,000 particles. The numerical results are in good agreement a s far as location and general shape of the density, but the DS results are not smooth.
As an initial condition, we take p 0 y = 1 p 2 2 exp , y , y 0 2 2 2 :
As discussed above, y decays exponentially for t 0. Then starting with 4.3 is the same as taking an initial condition at t 0 so that y0 and the noise dominates the dynamics at the critical point t = 0 . The gures compare computations of py;t using 10,000 and 15,000 particles in the GPM with py;t obtained from a direct simulation DS of the SDE 2.2. The results at t = 36 are also compared with an asymptotic approximation which i s v alid through a part of the transition region, as discussed in detail in 7 .
In Figure 4 .1a, we see good agreement b e t ween all methods, noting that the direct simulation with 60,000 realizations particles has statistical errors, while the GPM method give s a m uch smoother solution. In Figure 4 .1b this di erence is even more obvious. Figure 4 .1 shows that the GPM can be used to compute the probability density through the transition region, and gives the probability density before and after this transition has occurred mean transition time is shown to be t 28 in 7 for this case.
Speci cally, Figure 4 .1a shows the probability density while the process is still concentrated around y = 0 . Thus the GPM result is valid throughout the transition interval, which is a longer time range than the validity i n terval for the asymptotic approximation. The reconstruction of the density from its gradient provides the smoothing which gives good results even though the GPM uses only 10,000 particles, as compared to the non-smooth results from the DS of the particle motion, using 60,000 particles. Even though the GPM requires additional computations of the evolution of the gradients and the reconstruction of py;t from p y y;t, the computation times for the GPM with 10,000 particles and the DS with 60,000 are comparable overnight o n a P entium II workstation to compute to t = 40. Note that the time step can not be too large, in order to keep computational errors below the noise level.
Recalling that the density py;t is reconstructed from p y y;t at each step in the GPM method, one might expect that errors in the reconstruction can feedback into the computation. We found that these errors could be signi cant, especially in the transition zone. Then the gradient is not large, except near y = p t, where the density function drops o sharply. The reconstruction errors for py;t near y = p t can appear in the computation near this drop in the density function. By decreasing the time-step and using a su ciently ne grid, we reduced this error substantially. 5 The two-dimensional model: FitzHugh-Nagumo where a, b, and are physical parameters. This is a reduced model of the propagation of neural impulses in the giant axon of a squid, with v the potential di erence across the membrane of the axon, and u the recovery current. It is an applied current, and plays the role of the bifurcation parameter. When I is constant, there is a Hopf bifurcation at I = I c ; for I I c the stable solution is constant, while for I I c the stable solution is periodic. Figure 5 .1 shows that there is delay in the bifurcation from constant t o periodic behavior as the applied current It = t is increased slowly 1. In the realizations with small noise = 1 0 ,5 in Figure 5 .1 this delay is signi cantly reduced. Only the solution for v is shown in Figure 5 .1, since the variable u is virtually slaved to v. That is, the behavior of u follows that of v, with a time lag. Then a transition to oscillatory behavior in v is followed by a transition to oscillatory behavior in u. Since the noise causes a reduction in the delay u n til the transition to the oscillatory state, we a n ticipate that the gradient of the probability density v aries signi cantly in the transition region. The We determine pu; v; t using the GPM, and compare to the results from the direct simulation of 5.1 and the asymptotic approximation of 7 . In the computations the initial condition was pu; v; t 0 = p asymp u; v; t 0 ;
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where p asymp u; v; t 0 is the asymptotic approximation to the density obtained in 7 and t 0 0 is some time before the transition time. This choice of initial condition is justi ed by the dynamics of the system. For a typical realization, as shown in Figure 5 .1, the stochastic and deterministic behavior are close until t approaches the transition time. The asymptotic approximation and the numerical computations agree for t below the transition interval, which Figure 5 .1 suggests is t 370 for the parameter values used there. We veri ed this agreement b y starting at di erent initial times t 0 350 with initial conditions of the type 5.4. As expected, the asymptotic approximation is valid until large values of t where the probability function is less concentrated around the deterministic dynamics.
The use of the initial condition 5.4 also illustrates the complementary nature of the asymptotic approximation and the computational method; the asymptotic approximation is used as an initial condition at t 0 before the transition time, and then the computational method is used to nd the probability density in the transition region, where the validity of the asymptotic method is suspect. This is a very practical reduction of the amount of computation necessary, since the computational method does not perform as well as the asymptotic method for values of t 0 before the transition time, where the density function has large gradients. The computation time is signi cantly reduced, since the computations are done for t t 0 0, rather than for all t 0.
In Figure 5 .2 we compare the results from GPM and the asymptotic method of 7 for t = 375 and the same parameter values as in Figure 5 .1. These gures show good agreement b e t ween the two methods. This is expected, since the process has not reached the expected transition time calculated as t 383 in 7 , and the density is still concentrated around the deterministic behavior. In Figure 5 .3 we compare the GPM and asymptotic method for t = 390 and t = 410 for the same parameter values as in 5.2, and in Figure 5 .4 we compare the results from the GPM and asymptotic method for a di erent v alue of = :003.
In both of these cases the results are compared for times before and after the transition to oscillatory behavior. Again good agreement is seen for the location of the concentration of the density and the shape of the peak. The shape and location of the density is consistent with the simulations and the dynamics Comparison of the probability density pu; v; t computed with the GPM of this paper top row with the asymptotic result from 7 bottom row. The parameter values are the same as in Figure 5 .1, and = 1 0 ,5 . The left column is the surface plot, and the right column is the corresponding contour plot. Good agreement in both location and shape is obtained from the two methods. Note that this is for a time before the transition has occurred. Errors in the reconstruction of p can accumulate in our computations, since the reconstruction must be carried out at each time step, and the result for p is used in the evolution of the gradient vectors 3.5 at the following time step. The computations in 8 did not have this accumulation of error, since the concentration analogous to pu; v; t did not appear in the equation for the gradient see Section 3. There is some oscillation in the tails of the numerical result which is especially evident a t t = 410 in Figure   5 .3. This is due to the reconstruction process, which has di culty resolving the very steep gradients. We found an increased e ect of these errors when jp u j is much larger than jp v j, which is far into the transition zone. Since this p is reconstructed from rp at every time step, these errors can accumulate over long computation times, as is required for these computations. As in the one-dimensional problem of Section 4, these errors can be reduced by decreasing the time step and adjusting the reconstruction lattice. We c hose the lattice and time step so that the computations would not take longer than 10-20 hours on a Pentium IIworkstation, times which are comparable to direct simulation times. The largest reconstruction lattice that we used was 512x256, and the smallest time step was .00001. Even with these extreme cases the error in the tails of the density w as not completely eliminated. We also reduced the errors by using the asymptotic approximation for an initial condition at larger values of t, where the approximation is still valid and agrees with the computation. For Figure 5 In Figure 5 .5 we compare the results for pu; v; t from solving 5.3 with a GPM and from the direct simulation DS of 5.1. The results from the DS use 80,000 realizations, while the GPM uses 10,000. The statistical errors in the DS are increasingly evident as time increases since the density is spreading out. An increasing number of realizations would be necessary to properly approximate the density for later times. The results for the GPM method are smooth and the number of particles is su cient for resolving the peak in the density. Other solutions were obtained using a larger number of particles in the GPM, but they gave essentially the same results.
In Figure 5 .6 we compare the result for the marginal density pv;t = Z 1 ,1 pu; v; tdu:
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The dynamics of v indicate when the transition occurs, since the transition in u follows that of v. Therefore pv;t itself may be used to determine when the transition has occurred, as in 7 . Figure 5 .6 compares the results for the marginal density, using pu; v; t for the GPM and the DS of 2.2. Note that even with the extra step of smoothing, that is, integration in u, the results from the DS do not give a smooth result for the marginal density.
Conclusion
A gradient particle method is used to solve F okker-Planck equations FPE's for noisy delay bifurcations. The solution of the FPE gives the time-dependent probability density function for the stochastic process.
In these problems, a delay in the transition between states occurs in the deterministic dynamics when a bifurcation parameter varies slowly through the bifurcation point. This delay is reduced by the presence of noise, even if it is very small. The probability density gives a complete description of the process, and in particular it describes the transition of the process. Since there is considerable variation in the gradient of the density, numerical methods must be used to solve the FPE, yielding results which are complementary to those obtained asymptotically. The small di usion of the cases of interest very small noise and the variation in the concentration of the density suggest that the gradient particle methods are practical methods for computing the solution to the FPE. These methods incorporate simulation of the noisy process motion of the particles with the evolution of the gradients of the probability density. The reconstruction of the density from its gradient i n troduces a smoothing so that fewer realizations are necessary than in computing the density with a direct simulation.
We compute probability densities through the transition regions and compare the gradient particle method results to asymptotic results and direct simulations. The GPM's yields satisfactory results throughout the transition regions, where the asymptotic method is no longer valid, and yield results which are much smoother than those obtained with direct simulation. Some caution must be used in applying the gradient particle methods, since the density must be reconstructed from its gradient at each time step, and errors can accumulate over long time periods. These errors can be reduced by adjusting the time step and reconstruction grid, and by using the asymptotic approximation as an initial condition", which reduces the length of the time of computation.
